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1. 
In 1959 J. Thompson proved that a finite group admitting a fixed-point-free 
automorphism 0 of prime order n must be nilpotent. The aim of the present 
paper is to generalize this fine result by weakening the assumption on n being 
a prime into proper requirements for the fixed points of the nontrivial powers 
of rr (clearly, if 12 is a prime, all these automorphisms are fixed-point-free). 
The starting point (Lemma I) is a generalization of a well-known result 
(see [4], IX, 4. e) on the fixed points of some groups of automorphisms 
operating on Abelian groups. We apply this lemma to prove the following 
statement (Theorem 1) : 
Let G be a jinite group admitting (r us a f.p.f. automorphism. Let II be a 
nilpotent Hall subgroup of G, H having Abelian Sylow 2-subgroups. Assume 
that the jixed points of the nontriviul powers of o are all in H. Then H has a 
nilpotent normal complement in G. 
We derive next a somewhat symmetrical form of the preceding result, 
applying to solvable groups (Theorem 2). 
Then we make some restrictions on n. : the following theorem (Theorem 3) 
can also be interpreted as a generalization of Thompson’s result: 
Let G be afinitegroup admitting (I as a f.p.f. automorphism of order n, n being 
a product of dt@rent primes. Assume that the fixed points of the nontrivial 
powers of (T are all in the same nilpotent Hall subgroup of G. Then G is nilpotent. 
Other statements (Theorem 4 and Corollary 2) are improvements of our 
previous results for n = pq, a product of two different primes, [5]. 
In the last section we point out how Lemma 1 (possibly in a slightly 
different form) can also be applied to make some well-known proofs of the 
literature remarkably simpler. 
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In this section we shall introduce our notation and report some well-known 
results on the subject (for general reference, see [4]). 
All groups will be finite. 
Let u be a fixed-point-free automorphism (f.p.f.a.) operating on the group 
G. Let n be the order of 0’. Then 
(1) Any element g E G can be uniquely written us g = (h-l) u * h. 
We shall say that the mapping -0 + i is a permutation of G. 
(2)ForanygEG, 1 =g*gu*gu2...gun--l. 
We shall say that xi d maps G into 1. 
(3) Let H be a u-invariant &group of G (we shall write : H = Ho). Then 
the normalizer No(H) and the centralizer V,(H) are also u-invariant. 
(4) Let H be a normal subgroup of G (H 4 G) which is u-invariant. Then 
u induces a f.p.f.a. o on the factor group G = G/H. 
(5) Let cy~ be the inner automorphism induced on G by the element g l G. 
Then the product uag operates f.p. f .  on G. Moreover 
UoLp = Lx/y’uaf& where g = (h-l) u . h. 
(6) Let K be an intravariant subgroup of G. Thea there exists a unique 
conjugate of K in G which is u-invariant. 
In particular, for any prime p dividing the order 1 G 1 of G there is a unique 
Sylow p-subgroup of G which is u-invariant. We shall call it “canonical” and 
indicate it by G, . 
In [.5] we have also proved the following: 
(7) Any a-invariant p-subgroup of G is contained in G, . 
Now let oj be a nontrivial power of u (1 <i < n - 1). I f  n is not a prime, 
ui may have in G some nonidentical fixed points. These elements form a U- 
invariant subgroup that will be indicated by G(i). Then it is easy to prove 
that 
(8) G(Y) n G(s) = G(d) where d = (r, s). 
In particular, if I and s are coprime, then G(Y) n G(s) = G(I) = 1. 
(9)If G=HK, HnK=l, H=Hu, K=Ku, H(j)=K(j)=l, 
then G(j) = 1. 
Finally we would like to report the theorem of Thompson on normal p- 
complements in the form we shall refer to in this paper: 
THEOREM ([5], Corollary). Suppose p is an odd prime and S is a Sylow 
p-subgroup of G. If &(P)/Vo(P) is a p-group for every characteristic subgroup 
P of S, then G has a normal p-complement. 
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It is well known that this theorem does not hold in general for p = 2. 
However we shall find it convenient to refer to the same statement with p = 2 
when the further assumption is made that the Sylow 2-subgroup S is Abelian. 
This is clearly possible because of the well-known lemma of Burnside. 
3. 
LEMMA 1. Let G = KN, N <I G, (1 K 1, / N I) = 1. Let u be Q f.p.f.a. of 
G, of order n. Assume that the Jixed points of the nontrivial powers of CJ are all 
in iV : G(j) C N (1 < j < n - 1). Then G = K x N. 
Proof. Since N is characteristic and K is intravariant, we have N = No 
and we can assume K = KU, by (6). Then G(j) = N(j) and K(j) = 1. NOW 
let G be a counterexample of minimal order. We shall proceed by steps, 
deriving some properties of G until we find a contradiction. 
(a) N is a minimal a-invariant normal subgroup of G. 
In fact, let M = MO Q G, 1 C MC N. Then the assumptions on G still 
hold for the proper subgroup KM and hence KM = K x M. The same is 
true for the factor G = G/M with respect to the induced automorphism 6, 
for cf is f.p.f. by (4) and R(j) = i as follows from: 
Mk = (Mk) oj iff k*k-lojEKn M = 1, hence kEK(,j) = 1. 
Then again, by minimality of G, G = Kn = R x n. Now K centralizes 
M and N/M, hence by a well-known theorem also N, for (I K 1, 1 N I) = 1. 
Then G = K x N, a contradiction. 
(b) N is a p-group. 
Let p be any prime dividing j N 1, By the Frattini argument, K normalizes 
a Sylow p-subgroup of N. Actually K normalizes the canonical N, , as 
fohows easily by taking into account that the normalizer W = JLcG(ND) is 
u-invariant, so that, by unicity, W, = K, for every prime r dividing 1 K I. 
Now suppose N f N, . Then by minimality KN, = K x ND for every 
prime p dividing / N I, hence G = K x N. 
(c) N is Abe&n. 
N is Abelian since by (a), (b) it has no proper characteristic subgroups. 
(d) 1 is the only element of N commuting with every k E K. 
In fact, the centralizer V,(K) is u-invariant and normal in G. Then by (a) 
eN(K) = 1. 
From (d) we shall now derive a contradiction (if N f 1). Let kl be any 
element of K and write k, = h-b * h, h E K, by (1). Then for any x E N we 
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have, by (2), (5): 
= [(hxh-1)(-p)] cyh = lah = 1. 
Now uj (1 < j < n - 1) is f.p.f. on K. Let kj = h-i& * h. The mapping: 
h -+ k, is a permutation of K, and the same holds for the mapping: kI + ki , 
by (1). By interchanging products in the Abelian group N we obtain: 
= xIKI .  “fi-l [  fl (xai) akj] z xlKl .  “fi-lzI, 
j k,oK i 
Here every element zi is a fixed point for any ak(k E K), hence by (d) xj = 1. 
This implies .@I = 1, which is impossible (unless x = 1) since / K 1 and 
j N 1 are coprime. 
THEOREM 1. Let G be a finite group admittizg o as a f.p.f.a. Let H be a 
nilpotent Hall subgroup of G, H having Abelian Sylow 2-subgroups. Assume 
that the Jixed points of the nontrivial powers of a are all in H. Then H has a 
nilpotent normal complement in G. 
Proof. 
(a) H has a normal complement in G. 
Since H is intravariant in G by a theorem of Wielandt ([4], VI.6.b), there 
exists a conjugate of H which is u-invariant (6). Since the fixed points form 
a-invariant subgroups G(j), they are all contained in this conjugate of H, (7). 
Hence we can assume that H is itself o-invariant. I f  p is any prime dividing 
( H 1 , take the canonical subgroup H, = G, and let P be a characteristic 
subgroup of H, . Consider the normalizer W = J&(P). Now W = Wu, 
for P = Pa. Let r f  p be any prime dividing 1 W 1 . I f  r divides 1 H 1, W, 
centralizes P, since His nilpotent. I f  not, we can apply Lemma 1 to the group 
W,P and obtain: W,P = W, x P. Then the factor Mo(P)/VG(P) is a 
p-group. Applying the theorem of Thompson (or Burnside Lemma, if 
p = 2, G, Abelian) we conclude that H, has a normal complement in G, and 
the same must hold for H. 
(b) If  a has prime order, G is nilpotent (Thompson). 
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In this case any nontrivial power of 0 is f.p.f., (8). Therefore any canonical 
G, (p f  2) can play the role of H in the preceding argument and hence has 
a normal complement K. We then apply Lemma 1 to the product G,K = G 
and conclude that G, is a direct factor. Then the same must be true 
for 6, . 
(c) In any case the complement of H in G is nilpotent. 
In fact we can choosej so that uj is f.p.f. on this complement and has prime 
order. Then apply (b). 
COROLLARY 1. Let G be a finite group admitting 0 as a f.p.f.a. Assume that 
all the Jixed points of the nontrivial powers of u are p-elements, p being an odd 
prime. Then G has a nilpotent normal p-complement. 
Proof. Any subgroup G(j) is a u-invariant p-subgroup, hence by (7) it is 
contained in the canonical subgroup G, . Then we can apply Theorem 1, G, 
playing the role of H. 
If  G is assumed to be solvable, we shall derive a stronger statement, which 
appears somewhat symmetrical to Theorem 1. If  (T operates f.p.f. on the 
solvable group G, any two canonical Sylow subgroups, say G, and G, , 
commute. This is easily seen for there must be in G a subgroup of order 
/ G, I/ G, j , and this subgroup is intravariant, by Hall’s theorems. Hence by 
(6) there exists a u-invariant subgroup of that order, which must contain 
both G, and G, , by the unicity of the canonical subgroups. This circum- 
stance enables us to apply “locally” the preceding result and derive the 
following: 
THEOREM 2. Let G be a Jinite solvable group admitting u as a f.p.f.a. 
Assume that all the nontrivial powers of u operate f.p.f. on the u-invariant Hall 
subgroup K. Then K is a nilpotent normal subgroup of G. 
Proof. Among primes dividing 1 G 1 we take r dividing 1 K 1 , p not 
dividing I K j and consider the u-invariant subgroup G,G, , according to the 
previous remark. It will be sufficient to prove that G, 4 G,G, . I f  G, is 
Abelian we only have to apply Theorem 1 to the group G,G, , the subgroup 
G, playing the role of H. Otherwise we assume that G,G, = C is a minimal 
counterexample and consider in C a minimal characteristic subgroup M. 
Then M is a proper Abelian subgroup of G, or G, , and in both cases it is 
easy to see that the assumptions still hold on the quotient C/M. Then we use 
the minimality of C and derive a contradiction, by the same argument of 
Lemma l(a). 
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4. 
In this section we assume that the f.p.f.a. 0 operating on G has “square- 
free” order, i.e., n = p,p, . ..p. , the product of different primes. In this 
case we shall prove a result that is somewhat symmetrical to Lemma 1. 
LEMMAS. LetG=KN,N~G,(IKI,INI)=l.Leta&af.p.f.a. 
of G, of square-free order. Assume that all nontrivial powers of u operate f.p.f. 
onN: N(j)=l(l <j<n--I). ThenG=KxN. 
Proof. As in Lemma 1, we can assume K = Ku. Then by (6) G(j) C K. 
Let G be a minimal counterexample. 
(a) K is CL p-group. 
Let K, be any canonical Sylow subgroup of K. I f  K, f  K the lemma 
would hold on the proper subgroup Kfl, yielding K,N = K, x N for 
every prime p dividing ] K / . Then G = K x N. 
(b) K has no proper normal a-invariant subgroups. 
Let M f  1 be such a subgroup. Then the lemma holds on MN = M x N, 
and M is normal in G. The assumptions for G still hold on the factor 
G = G/M = K. m, for 17 is f.p.f. on G and m(j) = i, as in Lemma 1 (a). 
Again by minimality G = R x m hence G = K x N, as in Lemma 1 (a). 
(c) K is Abelian, as in Lemma 1 (c). 
We shall now use induction on Y, the number of (different) prime factors 
of n. We must have Y > 1, otherwise G is nilpotent. Let n = ms be a proper 
factorization of n. Now G(m) = K( m is a a-invariant normal subgroup of ) 
K. Hence by (b) either K(m) = 1 or K(m) = K. In the first case am operates 
f.p.f. on G and has order s. In the second case since m and s are coprime 
K(s) = G(s) n K = G(s) n G(m) = 1 by (8), so that G(s) = 1 and us 
operates f.p.f. on G and has order m. In both cases we can apply induction 
and conclude G = K x N. 
LEMMA 3. Let o be as in Lemma 2. Assume that all the nontrivial powers of 
(T operate f.p.f. on the canonical subgroup G,(p # 2). Then G, is a direct 
factor of G. The same is true for p = 2 if G, is Abelian. 
Proof. Let P be a characteristic subgroup of G, , W = No(P). Then if 
q # p divides 1 W 1 , W,P = W, x P by the preceding lemma. Then G, 
has a normal complement N by the usual argument. We can apply Lemma 1 
to G = G,N and obtain G = G,, x N. 
THEOREM 3. Let G be a finite group admitting o as a f.p.f.a. of square-free 
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order. Assume that the fixed points of the nontrivial powers of u are all in the 
same nilpotent Hall subgroup of G (e.g., assume that they are allp-elements fm 
a fixed prime p). Then G is nilpotent. 
Proof. Let H be the nilpotent Hall subgroup in the. theorem. If the 
index [G : H] is even, by Theorem 1, H has a normal complement in G. By 
Lemma 2 this complement is a direct factor, which is clearly nilpotent. If 
[G : H] is odd, let G, b e any canonical of G not contained in H. Then by 
Lemma 3, G, is a direct factor and the same is true for H. 
c ,. 
In this section we restrict our attention to the case when a has order pp, 
p and 4 being different prime. Some work has been recently done [I] to study 
finite groups admitting a f.p.f.a. or order 2~. However the question is still 
open whether such a group must be solvable: in fact solvability has been 
proved only by assuming additional conditions on G. In a previous paper [5j 
we have studied the more general case n = qp and proved the sufficiency of 
somewhat similar conditions on G. Our general idea is the following: Let u 
be a f.p.f.a. of order pq operating on G. If G is solvable, all canonical Sylow 
subgroups of G commute. Take the product of all G, that contain no (non- 
trivial) fixed points of op(or u*). Then this product is a nilpotent group, for 
@(or ug) operates f.p.f. on it by (9) and h as order q (or p). As a matter of fact, 
the existence of these two nilpotent Hall subgroups can be proved (at least if 
n = 2p or G, is Abelian) without assuming that G is solvable (see [5J, 
Theorem). In turn, this information suggests some solvability criteria for 
G ([5], Corollary). 
We shall now “increase” so to say, these two nilpotent subgroups by 
adding all the fixed points 0; u9 (or up). 
LEMMA 4. Let u be a f.p.f.a. of order pq (distinct primes) operating on G. 
Assume that G, (Y f 2) is a canonical Sylow subgroup of G on which UQ operates 
f.p.f. Then G(p) normalizes G, . The same holds for r = 2 ;f q = 2 OY G, is 
Abelian. 
Proof. We have assumed G,(q) = 1. If also G,(p) = 1 then all nontrivial 
powers of u operate f.p.f. on G, . Then by Lemma 3, G, is a direct factor and 
we are through (if q = 2, G,(p) = 1 implies G, = 1). Then we can assume 
G,(p) f 1. Since G(p) n G(q) = 1 by (8), G(p) is nilpotent for & operates 
f.p.f. on it and has prime order. Now let M be a maxima1 u-invariant r-sub- 
group of G normalized by G(p). Since G,.(p) # 1 we have M # 1. If M is a 
Sylow subgroup for G, then M = G, by unicity and we are through. Other- 
wise let G be a minimal counterexample, i.e., such that 1 f M # G, . 
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Let W = No(M). Then M is a proper subgroup of W, . If W f G then 
W(P) = G(P) C J’iWJ by minimality of G. Since this contradicts the 
maximality of M we must have W = G, M CJ G. Then all the assumptions 
for G still hold on G = G/M (see [.5], Lemma 5). Hence we have: 
where the notation is self-explaining. Since M is in G, we conclude 
G(p) C Ju;,(G,). This is a contradiction. 
THEOREM 4. Let CJ be a f.p.f.a. of order pq operating on G. There exist in 
G two nilpotent subgroups G(P), G(Q) defined as follows: 
G(P) is the union of G(p) with all the G, , r being an odd prime not divi- 
ding I G(q)1 . 
G(Q) is the union of G(q) with all the G, , s being an oddprime not dividing 
IG(P>I . 
The restriction “odd” can be dropped if q = 2 or Gz is Abelian. 
Proof. If r does not divide / G(q)( , then G,(q) = G, n G(q) = 1, hence 
G(p) normalizes G,. by Lemma 4. Write G,.G(p) = G,K where K is the 
r-complement in G(p). Then G, n K = 1, K = Ku and K(q) = 1, whence 
by (9) uq operates f.p.f. and G,G(p) is nilpotent. By the other hand, in the 
theorem of [5] we proved that all these subgroups G, (r not dividing / G(q)i) 
centralize each other. Then we can apply the preceding argument repeatedly 
(or directly to their product) and the theorem follows. 
COROLLARY 2. Let G and u be as in Theorem 4. Assume 
(a) G, = G,(p) G,(q) for every r such that G,(p) 5 1 f G,(q); 
(b,) q = 2, or (b,) G, is Abelian, or (bs) G, = G,(p) G,(q). 
Then G is solvable. 
Proof. In all cases G is the product of the two nilpotent subgroups G(P) 
and G(Q), hence G is solvable by the well-known theorems of Wielandt- 
Kegel (e.g., see [d]). 
It seems natural to ask the following question: let G and u be as in Theorem 
4. Assume G is solvable. Is it then true that G is the product of two subgroups 
on which up (and resp. u”) operate f.p.f. ? In order to answer this question, one 
should probably know more about the role played by the subgroups G(p) 
and G(q) when G has prime-power order. 
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6. 
Lemma 1 can also be conveniently applied to make some classical proofs 
of the literature remarkably shorter. As an example, in [2] Gorenstein and 
Herstein proved by representation techniques a result (Lemma 8) that is just 
a particular case of our Lemma 1, for n = 4. Another example is the theorem 
of Hughes and Thompson ([3], Th eorem 3), on the structure of &-groups. 
To see this we only have to make some modifications in our Lemma 1, 
changing only a few steps in the proof: 
LEMMA 1A. Let G = KN, N Q G, (1 K 1 , j N 1) = 1, N solvable. 
Assume G admits an automorphism CJJ such that: 
(a) x * xv . X$ . . . x@-l = 1 for any x E N. 
(b) C$ (1 < j < n - 1) operates f.p.f. on K. 
Then G = K x N. 
We shall omit the details. 
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